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1. INTRODUCTION 
Quadrature formulae with equidistant nodes involving function values 
and a sequence of (not necessarily consecutive) derivatives at each node are 
considered They may be looked upon as special cases of the Tschakaloff 
formulae [6]. Theorem 4.1 answers the question of existence and unique- 
ness of such quadrature formulae which have highest degree of precision 
with respect to entire functions of exponential type. A result of Boas [2], 
Kress [4], and Olivier and Rahman [IS] is generalized. A representation of 
the remainder for functions belonging to a certain Sobolev space is given. 
2. PROBLEM FORMULATION 
Let [w be the real line and denote by B,,, the set of all entire functions 
of exponential type y which belong to L,(R). By f”“‘(x) we mean the kth 
derivative off at X, f”‘(x) being another notation for f(x). 
Let 0 = k, < k, < . . < k, ._ I be a set of integers. The problem is to find, 
for given 0 > 0, a quadrature formula of the form 
(2.1) 
where c o,m _ , , . . . . c,_ ,,m , are real or complex, fj$a) := IF= _ ~ S(kg’(vn/a), 
and the formula is of highest entire degree of precision. 
DEFINITION 2.1. We say that a quadrature formula of the form (2.1) has 
entire degree of precision y > 0 if it is precise for every function f~ B.,,, and 
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besides for each t: > 0 there exists a function g E B, + E, I for which it is not 
precise. 
We use HEDP and EDP as abbreviation for “highest entire degree of 
precision” and “entire degree of precision,” respectively. 
3. SOME AUXILIARY RESULTS 
Let K,~l=(ko,kl,...,k,-l), Cm--l=(~O,m--l,~l,m~I,...,~,~l,m-l). 
Further let w, be the number of even integers in the sequence 
{k,, k,, . . . . km-l}, u’o:= m - 1 -w, and w a non-negative integer. We 
denote by IVp-lBV(R) the usual Sobolev’s space withf’km+lJ E SV(lR) and 
by 2 the Fourier transform of g. 
Let K,- 1 and 0 be given. The answer to the question of existence and 
uniqueness of a formula A(,f, K,_ , , g, w, C, ~ 1) of the form 
(3.1) 
precise for every f E Wp-‘BV( R), depends on w, w,, and wO. To be precise, 
we have 
LEMMA 3.1. (i) If w < w, then many such formulae exist; i.e., C,+, is 
not uniquely determined. 
(ii) If w > w, then no such formula exists. 
(iii) If w = w, then there are two possibilities which depend on the 
value of wO. 
In case w. < w,, formula A(f, K,,_ ,, a, w, C,,- ,) exists and is unique; i.e., 
C, ~, is uniquely determined. The numbers cP,, _, (0 f u < m - 1) are all 
real. In fact, co,,, _ I = 1 and c,.,- I = 0 if k, is odd. In the case w. > w, many 
formulae of the desired form exist. However, co,,, _, = 1 and for even k, the 
coefficients c~,~ _ I which are necessarily real are uniquely determined. 
Besides, there exist a formula where cP3, ~ I = 0 for odd k,. 
Note. Equation (3.1) gives the error estimation for the quadrature 
formula of the form (2.1) in the space W’;mmLBV(R). 
From Lemma 3.1 follows 
COROLLARY 3.1. max{w: A(f, K,,_ ,, (T, w, C,- 1) exist} = w,. 
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Proof qf. Lenma 3.1. Applying Poisson’s summation formula to fckp) we 
obtain 
,,=t ~ f’k”fv) = ,h; 
n 
5 f’“*‘(2vn) (p = 0, I.., m ~ 1). (3.2) 
\= -.m 
Now we use the formula 
,$(2vrr) = (2v7ci)k~(2vn) (3.3) 
for v : -MT, . . . . 0, . . . . w and multiply the two sides of the resulting identity 
for fCkfl) by (1/(27r~~)~“) r,‘.,,, - , . We are thus led to 
f~%,iz;l”‘z’ C$ ,,,,,-, ‘* 1 (iv)kf(2wt) 
p = 0 y= -,,I 
Applying (3.4) to the function f(. n/a) we obtain 
From (3.5) it follows that the formula A(f, K,- 1, CT, w, C,- ,) holds if and 
only if 
for every f‘s Wp- ‘BV(R). Interchanging the order of summation in (3.6) 
we obtain the equivalent condition 
I 
~J(X,dY=~5z i ~(2val”Clc,,,~,(iv)k~. (3.7) 
v= -v s=o 
NOW for n = -w, . ..+ 0, .__, w we consider J, E Bz(,+lj,, 1 such that 
fm~C,“[(2n-l)a, (2n+ l)a] and.K,(2na)= 1. SettingJ=f, (InI <w) we 
deduce that for (3.7) to hold we must necessarily have 
Co. m -1 I- I 
m -- I 
M;. C&m- lwk,= 0 for v = -w, . . . . - 1, 1, ..,, w. (3.8) 
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Clearly, this set of conditions is also sufkient for (3.7) to be satisfied. 
Denoting by c&,~ _, and cP,+ i , respectively , the real and imaginary parts 
of c pc,mp,, we can express (3.8) as 
m-l m-l 
1 (- 1)(1’2)kfl~;+ ,vk” + c (- l)(‘/Z)(k,+ +;,“-_, “k, = -1, 
P= 1, I‘= I. 
k,,even k,odd 
m-1 m-l 
,,F, ( - 1 )(“2)kp~;,, _.1 vk” + 2 ( - 1)(1/z@+- +;,, _ , ,,k, = 0 
P’= 1, 
kpeven k,,add 
for v = -w, . . . . - 1, 1, . . . . w. (3.9) 
System (3.9) is easily seen to be equivalent to the following four systems: 
(i) 
(ii) 
m- 1 
c (-l)(“*)k,C;,m~l*k,= -1 
p= 1, 
k,even 
m-1 
,,c,. (- *) 
(1/2)(kp+ ljcft 
l&m- I 
Vk, = 0 
kpodd 
(iii) 2 (- l)(1/2)k~c;,,P ,A = 0 (v = 1, . ..) w), 
(v= 
(v= 
1 9 . ..> wh 
1, “., w), 
P= 1, 
k,even 
(iv) c (-1)(1/2)(k~~1)C~,,_1Vk,,=o 
P= 1. 
k,odd 
(v = 1, . ..) w). 
From Lemma 3.2 which is formulated and proved below it follows that 
system (i) has no solution if w > w,. However, it is clear that if w < w, then 
many solutions of the systems (i)-(iv) exist; as such many formulae of the 
form A(S, Km-, , g, w, C,,, _ ,) exist in this case. If w = W, then for k, even, 
the numbers c;,~ _ i and c;,,, ~ l ( =0) are uniquely determined, because the 
functions 
xU’, X2>, . ..) X--’ 
form a Chebyshev system for x 2 a > 0 and aI < ~1~ < . . < a, _ i. Further, 
in this case, if w0 < w, then for k, odd the numbers cbm _ l and ~1,~ _ i must 
be all zero ; however, if w,, > w, then for k, odd these numbers (CL,,-, and 
c;,m- 1) are not uniquely determined but they can be chosen to be zero. 
This ends the proof of Lemma 3.1. 
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LEMMA 3.2. The system 
(v = 1, . . . . m, m + 1) 
has no solution ij”O<u, < ... <cl,. 
ProoJ Any solution of (3.10) is also a solution of the system 
(3.10) 
f d,(l -v’@)=O (v=2, . . . . m, m+ 1). (3.11) 
fl=I 
However, 
1 - x11, . ..) 1 - XMrn (3.12) 
form a Chebyshev system for x 2 2. To see this, let us assume that for some 
(a ,, . . . . a,) Z (0, . . . . 0) 
q,(x)= f a,(1 -xx’) (3.13) 
/I = 1 
has more than m - 1 zeros in x 3 2. Since cp,( 1) = 0 the derivative 
(3.14) 
must have at least m zeros in x 3 1 contradicting the fact that 
form a Chebyshev system for x2 1. Consequently, (3.11) has the unique 
solution d, = 0 for 1 6 p < m, which is clearly not a solution of (3.10). This 
ends the proof of Lemma 3.2. 
4. EXISTENCE AND UNIQUENESS OF 
QUADRATURE FORMULAE OF HEDP 
We prove the following 
THEOREM 4.1. The highest entire degree of precision of a formula of the 
form (2.1) is 2(w,+ l)a, where w, is as in Section 3. 
ProoJ Let the integers 0 = k, < k, < . . . <k,- , be given. In view of 
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Lemma 3.1, the formula (3.3), and the Paley-Wiener theorem [l, 
Theorem 6.8.11 there exist constants c~,, ~ , (,u = 0, . . . . m - 1) such that 
(4.1) 
for all entire functions of exponential type 2(w, + 1)o belonging to L’(R). 
This corresponds to formula (3.5) with parameter w= w,. Thus there is a 
quadrature formula of the form (2.1) whose EDP is at least 2( w, + 1) (T. 
The real and imaginary parts c& 1 and c~,+, of c~,, _ I in (4.1) satisfy 
the four systems of Eqs. (i)-(iv). The coefficients c,,+ , corresponding to 
k, even are uniquely determined. 
If there were a quadrature formula of the form (2.1) precise for all func- 
tions in B *(,,,, + rJO + r:,, where E is some positive number then taking 6 in 
(0, min(s, 20)) and considering an entire function g of exponential type 
2(w,+ l)a+6 belonging to L*(R) with g(2(w,+ l)a)=g(-2(w,+ 1)a) 
# 0 we would obtain from Lemma 3.1 and the Paley-Wiener theorem that 
m -~ , 
=2& 1 c i&m I(M“, + 1 Jkp( - 1 )“‘*‘kp$(2(W, + l)a), 
/I = 0 
k,even 
whence 
m- 1 
v;, (-l)(“*)k,C~,m~,(W,+ l)kp= -1. 
k,even 
(4.2) 
The numbers c,,, ~, are determined by the system 
1 (- l)(l’*)%~,, 1 vku= -1 
p = I 
k,,even 
(v = 1, . ..) w,) (4.3) 
but according to Lemma 3.2 the system 
1 (-l)(l/*)k,C~,m~lVkr= -1 (v= 1, . ..) WE, we+ 1) (4.4) 
p=I 
k,,even 
obtained by adding (4.2) to (4.3) has no solution. Hence (4.2) cannot be 
true, Thus, HEDP of a quadrature formula of the form (2.1) is 2( w, + 1)~. 
409/l 52.‘2- I3 
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5. EXAMPLES 
EXAMPLE 5.1. Let m = 1, W, = w0 =O. In this case HEDP=2a. By 
Theorem 4.1 there is a quadrature formula whose EDP is equal to 2a and 
it is unique. The formula is 
(5.1) 
It was obtained the first time by Boas [2]; about this formula also see [3]. 
EXAMPLE 5.2. Let m be odd, k, = p, i.e., w0 = w, = f (m - 1). For quad- 
rature formulae of this kind HEDP is equal to (m + 1 )a. By Theorem 4.1 
there is a quadrature formula whose EDP equals HEDP and it is unique. 
This formula is described in details in [S] and there an original way for the 
calculation of cZy,* _ , (1 d q < (m - 1)/2) is given. For m = 5 this formula 
is 
The coefficients in this formula are all positive. 
EXAMPLE 5.3. Let m be odd and K,,-, be given; i.e., w, and w0 are 
known. Regarding the existence of a quadrature formula, precise for all f 
belonging to B,, + , ja,1, it follows from Lemma 3.1 and Theorem 4.1 that 
(i) if w, = w0 = (m - 1)/2 then there does exist a (unique) quadrature for- 
mula whose EDP is equal to (m + l)a, (ii) if w, < w0 then no such formula 
exists, and (iii) if w, > wO, i.e., w, > (m - 1)/2) then we can find many such 
formulae including one whose EDP is equal to 2(w, + 1 )G > (m + 1)~. 
EXAMPLE 5.4. Let m = 3, k, = 1, k, = 4. Then for the unique quadrature 
formula with EDP = 40 = HEDP we obtain c,,~ = 1, ci,* = 0, cl.2 = -1, i.e., 
It may be noted that the coefficient cz,* is negative. 
EXAMPLE 5.5. Let w0 < w, = k, m - 1 = w0 + w,. Suppose, in addition, 
that the even numbers in the sequence k,, . . . . k,,- , are of the formjr, where 
1 < j < k. According to Theorem 4.1 there exists a quadrature formula with 
EDP = 2(k + ~)CJ = HEDP and it is unique. The coefficients which 
QUADRATUREFORENTIRE FUNCTIONS 495 
correspond to derivatives of even order can be calculated as follows. 
Consider the polynomial 
If yzp denotes the coefficient off?‘), (1 < p < k) then 
(- l)(1’2)p+y2p = (- 1y & IPy(o)l. 
(5.4) 
(5.5) 
For z = 2 this reduces to Example 5.2. In the case t = 4 the coefficients y2P 
alternate in sign for p = 1, 2, . . . . k. 
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